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315. 


ON THE CUBIC CENTRES OF A LINE WITH RESPECT TO 
THREE LINES AND A LINE. 


[From the Philosophical Magazine, vol. xx. (1861), pp. 433—436.] 
On referring to my Note on this subject (Phil. Mag. vol. xx. pp. 418—423, 
1860 [257]), it will be seen that the cubic centres of the line 
Aa + py +vz=0 


in relation to the lines e=0, y=0, z=0, and the line x+y+2=0, are determined 
by the equations 


git Pia R E TE 
Aa PS cay ae A 
where @ is a root of the cubic equation 
Po ere 1 fn ga? 
O+ O+p O+v 0 ’ 


or as it may also be written, 
O — 0 (uv + vA+ Ap) — 2w = 0. 


Two of the centres will coincide if the equation for @ has equal roots; and this will 
be the case if 
Aitu toO, 


or, what is the same thing, if A, m, v=a™, b, oœ, where a+b+c=0. In fact, if 
a+b+c=0, then a +b +e = 3abc, and the equation in @ becomes 
30 2 


DT EE E ee . 
0 abe —a®b8c* i 
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that is 
(abe)? — 3 (abc) — 2 = 0, 


which is 
(abc + 1¥ (abc — 2) = 0; 


— 1l 2 
so that the values of @ are ma se 


First, if 0= F ale’ then æ, y, z will be the coordinates of the double centre. And 
we have 
la a a hogi 
a abe 2a*be (2be — 2a*) = Zabe a? — b- e); 


or putting for shortness O = @ +b +’, 


= he 
Ot eer Aa R Ar 
oe eee iL dot Í 
with similar values for 0+yu, 0+v. But rsa are proportional to 0+ ^, O+p, O+0; 
and we may therefore write 
PE Dor Dy cared Ot i 
o. 68° 9 CR? 2 56’ 


whence, in virtue of the equation a+b+c=0, we have for the locus of the double 
centre, 

APNE rire aes 
or this locus is a conic touching the lines «=0, y=0, z=0 harmonically in respect 
to the line «+y+z2=0, a result which was obtained somewhat differently in the 
paper above referred to. 


Next, if 0= ei æ, y, z will be the coordinates of the single centre. And we now 


abe’ 
have 
A Pe ae ee a a eee a SF ee eer 
O+%=—, + = Tabo (206 2a + 6a*) = 55, ( D + 6a*) = — a Thee Th 
i Me Lee Ah | : 
with similar values for 0 +p, 0+v. But Arie are proportional to 0+A, 0+ p, 0+», 


and we may therefore write 
Fo Oe. Ua ee: Le Oe 


x Ga’ Cy OP kg 6c” 


from which equations, and the equation a+b+c=0, the quantities P, a, b, c have 
to be eliminated. I at first effected the elimination as follows: viz, writing the 
equations under the form 
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we obtain 
x Yy A 
z4 Pt y+Pt z+P 6, 


LE oer Se RE et 
Vxept pt > i, 


which are easily transformed into 
9 et FEP + op =6, 
Lo 21g a EL. RS ee a Se 
(y+P)(¢+P) (¢+h)(@t+P) («+ P)(y+P) ~’ 
or, what is the same thing, 
6(P+2)(P+y)(P+z2)—a(P+y)(P+2)-y(P+2)(P+2)—2(P+2)(P+y)=9, 
9(P+2)(P+y)(P+2)—yz(P +2) —z2æ (P+ y) —ay(P+2)=0, 


which give 
6P + 5P? (æ +y +z)+ 4P (yz + zs + vy) + 3wyz=0, 


9P? + 9P? (æ +y +2)+ 8P (yz + zæ + ay) + 6syz=0; 
or, multiplying the first equation by 2, and subtracting the second, 
3P + (@+y+z2z)=0; 
and we thus obtain for the locus of the single centre the equation 


oat eed pa) aay Oe 3 0 =u Bh eas 
—2æ+y+z -—Qy+e2+u -Q+at+y ” 


or, what is the same thing, 
B HY + 28 (YP + 20° + wy + ye + ea + ay) + Bayz = 0, 

which may also be written, 
—(—a +y +z) (x — y+ z)(&+y-— z) + xyz = 0. 


The same result may also be obtained as follows: viz. observing that 


O — 6a? = 0? + e — 5a? = — 4a? — 2be, 


we have 
Pe em ae a 
P garbe AP W+ea’ PT 2?%+ab’ 
and then by means of the equation 
a? b2 Cc 
ithe ea thre e Bii 


10—2 


www.rcin.org.pl 


75 


76 ON THE CUBIC CENTRES OF A LINE &C. [315 
which is identically true in virtue of a+b+c=0 (in fact, multiplying out, this gives 


12a°b’c? + 4 (Bc? + ca? + atb) + abc (a? +b + c) 
— 8a*b’c? — 4 (DE + ea? + ab) — 2abe (a? + b + c*) — abe = 0; 
that is 
3a°b*c? — abc (a? +b? +c?) =0, or abe (a? + b+ c — 3abe) = 0, 


where the second factor divides by a+ b+c), we find the above-mentioned equation, 


e+y+z2+3P=0. 
We then have 
~etyts_etyts 2e 3. 6a + a)i" S0) 
P eee Po 2a? +be 2a? +. be’ 
that is 
-æ+y+z_ —3be «x-yt+2 -3a wty—2z -3a ` 
P ~ 2a + be’ P . 2+0’ P 2? +. ab’ 
and forming the product of these functions, and that of the foregoing values of 


po Meee Aah 
P Pp’ p we find as before, 


—(—2+y+z2)(e@-ytz)(et+y—z)+cyz=0 


for the equation of the locus of the single centre. The equation shows that the locus 
is a cubic curve which touches the lines z=0, y=0, z=0 at the points where these 
lines are intersected by the lines y—z=0, z—æ=0, «—y=0 (that is, it touches the 
lines x=0, y=0, z=0 harmonically in respect to the line «+y+z=0), and besides 
meets the same lines «=0, y=0, z=0 at the points in which they are respectively 
met by the line «+ y+z2=0. 


2, Stone Buildings, W.C., September 25, 1861. 
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